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Abstract
Let Fq be a finite field with q = pk elements. We prove that for any given n  7, and any el-
ements a, b ∈ Fq , a = 0, there exists a primitive normal polynomial f (x) of degree n, f (x) =
xn − σ1xn−1 + · · · + (−1)nσn, with the first two coefficients σ1, σ2 prescribed as a, b, respectively.
This result strengthens the results of the existence of primitive polynomials with two coefficients
prescribed [S.D. Cohen, D. Mills, Primitive polynomials with the first and second coefficients pre-
scribed, Finite Fields Appl. 9 (2003) 334–350; W.B. Han, The coefficients of primitive polynomials
over finite fields, Math. Comp. 65 (1996) 331–340; W.B. Han, On two exponential sums and their
applications, Finite Fields Appl. 3 (1997) 115–130] and the existence of primitive normal bases with
prescribed trace [S.D. Cohen, D. Hachenberger, Primitive normal bases with prescribed trace, Appl.
Algebra Engrg. Comm. Comput. 9 (1999) 383–403]. In order to use the p-adic method which pro-
posed by the first two authors, we first lift the definition of both primitive and normal from finite
fields to Galois rings. Then we discuss the existence of lifted primitive normal polynomials over
Galois rings and finally establish the existence of primitive normal polynomials with the first two
coefficients prescribed with the help of character sums over Galois rings and Cohen’s various sieve
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paper since the computation is more miscellaneous and complicated.
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1. Introduction
Let Fqn be a finite degree extension over finite field Fq with q = pk elements where p is
a prime number and k a positive integer. It is known that every generator of F ∗qn = Fqn \{0},
which is a multiplicative cyclic group, is called a primitive element. On the other hand, we
can also regard Fqn as a vector space of dimension n over Fq . An element α ∈ Fqn is called
normal if {α,αq, . . . , αqn−1} is a set of Fq -basis of Fqn . α is called a primitive normal
element if it is both primitive and normal. Let f (x) be a monic polynomial over Fq . f (x)
is called a primitive normal (primitive, normal) polynomial if it is the minimal polynomial
of a primitive normal (primitive, normal) element.
Because of the motivation of coding theory, cryptography, etc., many people studied
the existence of primitive polynomials with one or several coefficients prescribed [2,4,8–
13,15–17,22]. Let f (x) = xn − σ1xn−1 + · · · + (−1)nσn be a primitive polynomial over
Fq . We call σi (1 i  n) the ith coefficient of f (x). In 1990, Cohen [2] first completely
settled the existence of primitive polynomials with the first coefficient prescribed. After
that, Han [15,16], Cohen and Mills [8] established the existence of primitive polynomials
with two coefficients prescribed.
Known result 1. Let n  5 be a positive integer. For any given a, b ∈ Fq , there exists
a primitive polynomial f (x) = xn − σ1xn−1 + · · · + (−1)nσn over Fq such that σ1 = a,
σ2 = b.
Recently, by introducing the p-adic method, Fan and Han [10] proved that for any
given n, there exists a primitive polynomial of degree n with the first n−12  coefficients
prescribed for q large enough.
On the other hand, because of many applications such as fast Fourier transformation,
coding theory and cryptography for doing computations efficiently in finite fields, prim-
itive normal elements and primitive normal polynomials over finite fields were widely
discussed [3,5–7,18,20,23]. In 1987, Lenstra and Schoof [20] proved that for every prime
power q and every positive integer n there exists a primitive normal basis of Fqn over Fq ,
which we call primitive normal basis theorem.
Based on both the primitive normal basis theorem and the result of Cohen [2], Morgan
and Mullen [23] proposed in 1994 the conjecture of the existence of primitive normal
polynomials over Fq with the first coefficient σ1 prescribed as any nonzero element in Fq .
Let α be a root of a primitive normal polynomial f (x) = xn − σ1xn−1 + · · · + (−1)nσn.
Then σ1 =∑n−1i=0 αqi . Since α is a normal element of Fqn over Fq , we must have σ1 = 0.
In 1999, Cohen and Hachenberger [5] settled the conjecture of Morgan and Mullen and
got the following result.
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nomial of degree n over Fq with the first coefficient prescribed as a.
Based on Known result 1 and Known result 2, we naturally ask the following question.
Question 1. Let q be a prime power and n 4 a positive integer. For any given elements
a, b ∈ Fq , a = 0, does there exist a primitive normal polynomial f (x) = xn − σ1xn−1 +
· · · + (−1)nσn such that σ1 = a, σ2 = b?
Furthermore, we can ask the following question:
Question 2. Does there exist a function c(n) such that there exists a primitive normal
polynomial with c(n) coefficients prescribed (σ1 = 0)? If it does exist, find the optimal
function c(n).
In this paper, we mainly investigate Question 1 and get the following main result.
Main Theorem. Let n  7 be a positive integer and q a prime power. For any given
a, b ∈ Fq , a = 0, there exists a primitive normal polynomial f (x) = xn − σ1xn−1 + · · · +
(−1)nσn over Fq such that σ1 = a, σ2 = b.
The p-adic method introduced by the first two authors [9–11] is a powerful tool to get
the main theorem, especially to deal with the case when the characteristic of the finite
fields is two. But in the above papers, the authors only lifted the definition of primitive
polynomial from finite fields to Galois rings (or p-adic fields). In order to use the p-adic
method, we also need to lift the definition of normal from finite fields to Galois rings and
set the one-to-one correspondence between the primitive normal polynomials over finite
fields and the lifted primitive normal polynomials over Galois rings. Then we discuss the
existence of lifted primitive normal polynomials over Galois rings with the corresponding
two coefficients prescribed. In order to get the conditions of the existence of primitive
normal polynomials by using the estimates of characters sums over Galois rings, we give
the characteristic function of normal elements by using the additive characters over Galois
rings. After that, with the help of Cohen’s various sieve techniques and some computation,
we finally get the main theorem. The cases n = 4,5,6 can also be handled with the same
method, with corresponding computation more lengthy and miscellaneous. So we deal with
these cases in another paper.
This paper is arranged as follows. Section 2 gives some preliminaries of character sums
over Galois rings. In Section 3, we first lift both the definition of primitive and normal
from finite fields to Galois rings, and then translate the existence of primitive normal poly-
nomials with two coefficients prescribed into the existence of primitive normal element
solutions of some systems of trace equations over Galois rings. In Section 4, with the help
of characters sums over Galois rings and Cohen’s various sieve techniques, we give some
conditions which decide whether the number of primitive normal element solutions of the
system of trace equations is larger than zero or not. We finally establish the existence of
primitive normal polynomials with the first two coefficients prescribed after some compu-
tation in Section 5.
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2.1. p-Adic number fields, Galois rings and finite fields
Let p be a prime number and Qp be the completion of Q with respect to usual p-adic
metric (more detail see [19]). Let Kk be the unique unramified extension of Qp of degree
k and Ok be the ring of integers of Kk . Denote the set of the Teichmüller points in Kk by
Γk =
{
ξ ∈ Kk | ξpk = ξ
}
.
In fact, Ok is a local ring with unique maximal ideal Pk = pOk . For e  1, Galois ring
Re,k is defined by Ok/peOk . Especially, we have Fq ∼= Ok/pOk ∼= Γk when e = 1. In the
next of this paper, we will identify the finite fields Fq and Fqn (considered as sets) with
Teichmüller sets Γk and Γnk , respectively. So when we deal with the arithmetic over Fq
(Fq [x]), we just do the arithmetic over Ok (Ok[x]) modulo p.
Given e 1, any element α ∈ Re,k (Re,k = Ok when e = ∞) can be written in a unique
way as α =∑e−1i=0 aipi , where ai ∈ Γk . Define the canonical projective map φ from Re,k
to Γk by φ(α) = a0.
Let n 1 be an integer and τk the Frobenius map of Re,nk over Re,k given by
τk(z) =
e−1∑
i=0
a
pk
i p
i
for z = ∑e−1i=0 aipi ∈ Re,nk , where ai ∈ Γnk . As we know, τk is the generator of the
Galois group of Re,nk over Re,k which is a cyclic group of order n. The trace map
Tre,nk,k(·) :Re,nk → Re,k is defined via
Tre,nk,k(x) = x + τk(x) + · · · + τn−1k (x)
for x ∈ Re,nk . When e = 1, we abbreviate Tr1,nk,k to Trnk,k .
2.2. Estimates of character sums over Galois rings
Let e, k, n ∈ Z>0 and ψe,k be the canonical additive character of Re,k defined by
ψe,k(x) = e2πiTre,k,1(x)/pe , x ∈ Re,k.
When e = 1, we abbreviate ψ1,k to ψk . For a ∈ Re,k , define ψae,k(c) = ψe,k(ac), c ∈ Re,k .
It was shown [9,11] that Rˆe,k = {ψae,k | a ∈ Re,k} consists of all the additive characters of
Re,k . So we have
Lemma 2.1. Let ψe,k be the canonical additive character of Re,k and ω ∈ Re,k . We have
∑
ψe,k(cω) =
{
qe if ω = 0,
0 if ω = 0.c∈Re,k
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Let g be a primitive element (i.e., generator) of Γ ∗nk , the canonical multiplicative character
χk can be defined by χk(gl) = e2πil/qn−1 for 0 l  qn − 2. For 0 j  qn − 2, define
χ
j
k (g
l) = χk(glj ). {χjk | 0  j  qn − 2} consists of all the multiplicative characters of
Γ ∗nk and form a multiplicative cyclic group with order qn − 1. It is known that the order
of each character χjk is a divisor of qn − 1 and for any d | qn − 1 there exist exactly ϕ(d)
multiplicative characters of Γ ∗nk with order d , where ϕ is Euler’s phi function.
Let k,n  1 and h(x) be a polynomial over Re,nk with h(0) = 0 and h(x) not identi-
cally 0. Let
h(x) = h0(x) + h1(x)p + · · · + he−1(x)pe−1, hi(x) ∈ Γnk[x],
be the p-adic expansion of h(x) and
hi(x) =
di∑
j=0
hi,j x
j , hi,j ∈ Γnk,
where di is the degree of hi(x). h(x) is called nondegenerate if the coefficients hi,j of
hi(x) satisfy
hi,j = 0, if j ≡ 0 (mod p), 0 j  di, 0 i  e − 1.
Define the weighted e-degree of h(x) by
De
(
h(x)
)= max(d0pe−1, d1pe−2, . . . , de−1).
Next we give two estimates of character sums over Galois rings. When e = 1, it is just
the Weil estimates on character sums over finite fields.
Theorem 2.2. (See [21].) Let f (x) ∈ Re,nk[x] be nondegenerate with weighted e-degree
De(f (x)), ψ a nontrivial additive character of Re,nk and χ a nontrivial multiplicative
character of Γ ∗nk . Then ∣∣∣∣ ∑
ξ∈Γnk
ψ
(
f (ξ)
)∣∣∣∣ (De(f (x))− 1)qn/2
and ∣∣∣∣ ∑
ξ∈Γ ∗nk
ψ
(
f (ξ)
)
χ(ξ)
∣∣∣∣De(f (x))qn/2.
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Let p be the characteristic of finite fields. Recall that in [10,11], in order to deal with
the existence of primitive polynomials with the first m (m p) coefficients prescribed, the
authors need to transfer the work from finite fields to Galois rings and lift the primitive
polynomials over finite fields to Galois rings. In fact, the p-adic method introduced by the
first two authors is a powerful tool to deal with the case m p. But in the above papers,
the authors only lifted the definition of primitive from finite fields to Galois rings (p-adic
number fields). In order to use the p-adic method to investigate the existence of primitive
normal polynomials with the first two coefficients prescribed when the characteristic of
finite fields is two, we need also lift the definition of normal from finite fields to Galois
rings and give a characteristic function of normal elements by using the additive characters
over Galois rings. After that, in Section 3.2, we transfer the existence of primitive normal
polynomials with the first two coefficients prescribed to the existence of primitive normal
element solutions of some system of trace equations over Galois ring R2,k .
3.1. Normal elements over Galois rings
As we know, Re,nk is the nth degree ring extension of Re,k . It is easy to check that
Re,nk can be viewed as a Re,k-module. A subset {x1, x2, . . . , xm} is called a generat-
ing set of Re,nk if for any element x ∈ Re,nk , x can be written as a linear combination
of x1, x2, . . . , xm, which means x = ∑i rixi , where ri ∈ Re,k . A family of elements
x1, x2, . . . , xm of a module is said to be linearly independent if
∑m
i=1 rixi = 0 implies
ri = 0 for all i and linearly dependent otherwise, where ri ∈ Re,k . If {x1, x2, . . . , xm} is a
generating set of Re,nk which is linearly independent, it is called a set of basis of Re,nk
over Re,k . Not all modules have a set of basis but some do have. In fact, Re,nk is a free
module of rank n. Let ξ be a primitive element of Γnk , then {1, ξ, ξ2, . . . , ξn−1} is a set of
basis of Re,nk over Re,k , which we call polynomial basis.
Next we will give another kind of basis of Re,nk over Re,k . We first give a definition of
normal basis of Galois ring Re,nk over Re,k which is analogue to the definition of normal
basis for finite fields.
Definition 3.1. Let α ∈ Re,nk . If {α, τk(α), . . . , τ n−1k (α)} forms a set of basis of Re,nk over
Re,k , then it is called a normal basis and α is called a normal element of Re,nk over Re,k ,
where τk is the Frobenius map of Re,nk over Re,k .
It is not obvious that whether there exists a normal basis of Re,nk over Re,k or not. But
the next theorem shows that they do.
Theorem 3.2. Let α ∈ Re,nk , α = ξ0 +pξ1 +· · ·+pe−1ξe−1, where ξi ∈ Γnk , 0 i  e−1.
Then α is a normal element of Re,nk over Re,k if and only if ξ0 is a normal element of Fqn
over Fq .
Proof. Since Re,nk is a free module of rank n over Re,k , we only need to show
α, τk(α), . . . , τ
n−1(α) are linearly dependent over Re,k if and only if ξ0, ξq, . . . , ξq
n−1
arek 0 0
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qn−1
0 are linearly dependent over Fq ,
i.e.,
a0ξ0 + a1ξq0 + · · · + an−1ξq
n−1
0 = 0 mod p,
where ai ∈ Ok, ∃ai = 0 mod p, 0 i  n − 1.
It is easy to get that
pe−1a0α + pe−1a1τk(α) + · · · + pe−1an−1τn−1k (α) = 0 mod pe.
Since there exists ai = 0 mod p, we have pe−1ai = 0 mod pe, correspondingly. This means
α, τk(α), . . . , τ
n−1
k (α) are linearly dependent over Re,k .
Conversely, suppose that α, τk(α), . . . , τ n−1k (α) are linearly dependent over Re,k , which
means,
a0α + a1τk(α) + · · · + an−1τn−1k (α) = 0 mod pe,
where ai ∈ Ok, ∃ai = 0 mod pe, 0 i  n − 1.
Let h be the largest positive integer such that ai = 0 mod ph−1 for all i = 0,1, . . . , n − 1.
Then 1  h  e and there exists ak = 0 mod ph for some 0  k  n − 1. For i =
0,1, . . . , n − 1, let ai = ph−1bi . Then we have bk = 0 mod p. So
b0α + b1τk(α) + · · · + bn−1τn−1k (α) = 0 mod pe+1−h.
Since e + 1 − h 1, we have
b0α + b1τk(α) + · · · + bn−1τn−1k (α) = 0 mod p
which means
b0ξ0 + b1ξq0 + · · · + bn−1ξq
n−1
0 = 0 mod p,
∃bk = 0 mod p for some 0 k  n − 1.
Thus ξ0, ξq0 , . . . , ξ
qn−1
0 are linearly dependent over Fq . This finishes the proof. 
From Theorem 3.2 we have the following corollary.
Corollary 3.3. Let ξ ∈ Γnk . Then for any integer e  1, ξ is a normal element of Fqn over
Fq if and only if ξ is a normal element of Re,nk over Re,k .
Next we will give a characteristic function to judge whether an element α ∈ Re,nk is
normal over Re,k or not. First let us see the characteristic function of normal elements over
finite fields.
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f τ (x) = a0 + a1τk(x)+ a2τ 2k (x)+· · ·+ amτmk (x). Especially, the τ -polynomials in Fq [x]
are in the form f τ (x) = a0 + a1xq + a2xq2 + · · · + amxqm .
Let f (x) = a0 +a1x+· · ·+amxm ∈ Re,k[x]. We call f (x) the conventional polynomial
of f τ (x) and f τ (x) the τ -polynomial of f (x).
Let α ∈ Fqn . The Fq -order of α, denoted by Ord(α), is defined as the least degree monic
polynomial g(x) such that gτ (α) = 0. It is easy to verify the following:
(1) g(x) does exist;
(2) g(x) | xn − 1;
(3) If h(x) is a monic polynomial over Fq such that hτ (α) = 0, then g(x) | h(x).
Consider the group of the additive characters of Fqn denoted by
Fˆqn =
{
ψα | ψα(x)ψk
(
Trnk,k(αx)
)
, α ∈ Fqn
}
, (3.1)
where ψk is the canonical additive character of Fq . For any ψα ∈ Fˆqn , we define the Fq -
order of ψα to be the least degree monic polynomial g(x) such that ψα(gτ (x)) = 1 for all
x ∈ Fqn . Similarly the following can be verified:
(1) g(x) does exist;
(2) g(x) | xn − 1;
(3) For any g(x) | xn − 1, there are exactly ϕq(g(x)) number of additive characters with
Fq -order g(x), where ϕq(·) is the Euler function for the polynomial ring Fq [x].
Consider the two special divisors of xn − 1, i.e., 1 and x − 1. Then we have
Proposition 3.5. Let ψα be defined as above. We have the following:
(1) The Fq -order of ψα is 1 iff α = 0.
(2) The Fq -order of ψα is x − 1 iff α ∈ F ∗q .
Proof. (1) is obvious. We only prove (2). If α ∈ F ∗q , then we have αq = α. So
ψk
(
Trnk,k
(
α(xq − x)))= ψk(Trnk,k((αx)q − αx))= ψk(0) = 1 for all x ∈ Fqn.
Since x − 1 is irreducible, the Fq -order of ψα is x − 1. On the other hand, since the total
number of additive characters with Fq -order x − 1 is ϕq(x − 1) = q − 1, so it must be ψα ,
α ∈ F ∗q . This finishes the proof. 
The following gives a characteristic function of normal elements over finite fields. For
later use, we will give a more general result.
Let f be a monic divisor of xn − 1 and ω ∈ Fqn . Element ω is said to be f -free if f and
(xn − 1)/Ord(ω) are relatively prime (or if for any monic polynomial h | f and v ∈ Fqn ,
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normal element of Fqn over Fq .
Lemma 3.6. (See [5].) Let f be a monic divisor of xn − 1 and ξ ∈ Fqn . Then we have
Nf (ξ) = ϕq(f )
qdegf
∑
g|f
μq(g)
ϕq(g)
∑
ψ(g)
ψ(g)(ξ) =
{
1 if ξ is f -free,
0 otherwise,
where μq , ϕq denote the Möbius function and the Euler phi function, respectively, for the
polynomial ring Fq [x]. ψ(g) runs through all the ϕq(g) additive characters of Fqn with
Fq -order g.
Next we will give a characteristic function of normal elements over Galois rings. As
before, we will give a more general result.
As we know, the group of all additive characters of Re,nk can be written as
Rˆe,nk =
{
ψαe,nk
∣∣ψαe,nk(x) = ψe,k(Tre,nk,k(αx)), α ∈ Re,nk}.
Consider the subset of Rˆe,nk ,
pe−1Rˆe,nk =
{
ψαe,nk
∣∣ α ∈ pe−1Re,nk} {ψeβ ∣∣ α = pe−1β, β ∈ Γnk}, (3.2)
where we denote ψp
e−1β
e,nk by ψ
e
β for simplicity.
Lemma 3.7. Let ω ∈ Re,nk , ω = ω0 + pω1 + · · · + pe−1ωe−1, where ωi ∈ Γnk . For any
β ∈ Γnk , let ψβ and ψeβ , defined as (3.1), (3.2), be the additive characters of Fˆqn and
pe−1Rˆe,nk , respectively. Let g(x) be a monic divisor of xn − 1 over Fq . Then we have
ψβ(ω0) = ψeβ(ω)
and
gτ (ω0) = 0 over Fqn iff pe−1gτ (ω) = 0 over Re,nk.
Proof. Just check it directly. 
Definition 3.8. Let ω ∈ Re,nk . The Re,k-order of ω, denoted also by Ord(ω), is the least
degree monic polynomial f (x) over Fq such that pe−1f τ (ω) = 0 over Re,nk .
Definition 3.9. Let ψeβ ∈ pe−1Rˆe,nk . The Re,k-order of ψeβ is defined to be the least degree
monic polynomial g(x) ∈ Fq [x] such that ψeβ(gτ (x)) = 1 for all x ∈ Re,nk .
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thermore, the Re,k-order of ω = ω0 + pω1 + · · · + pe−1ωe−1, ψeβ are the same as the
Fq -order of ω0, ψβ , respectively.
Definition 3.11. Let ω ∈ Re,nk , ω = ω0 +pω1 +· · ·+pe−1ωe−1, where ωi ∈ Γnk and f (x)
be a monic divisor of xn − 1 over Fq . ω is said to be f -free if f and (xn − 1)/Ord(ω) are
relatively prime, i.e., ω is f -free iff ω0 is f -free.
From Proposition 3.5 and Lemma 3.7 we have
Proposition 3.12. Let ψeβ be defined as above, where β ∈ Γnk . We have the following:
(1) The Re,k-order of ψeβ is 1 iff β = 0.
(2) The Re,k-order of ψeβ is x − 1 iff β ∈ Γ ∗k .
From Theorem 3.2, Lemmas 3.6, 3.7 and Definition 3.11, we have
Theorem 3.13. Let f (x) be a monic divisor of xn − 1 over Fq and ξ ∈ Re,nk . We have
Nf (ξ) = ϕq(f )
qdegf
∑
g|f
μq(g)
ϕq(g)
∑
ψ(g)
ψ(g)(ξ) =
{
1 if ξ is f -free,
0 otherwise,
where ψ(g) runs through all the ϕq(g) additive characters of pe−1Rˆe,nk with Re,k-order g.
It is easy to see that Lemma 3.6 is the special case of Theorem 3.13 when e = 1.
3.2. Lifted primitive normal polynomials
Let f˜ (x) be a monic polynomial of degree n over Re,k . f˜ (x) is called basic irreducible
if f˜ (x) mod p is an irreducible polynomial of degree n over Fq . For a monic polynomial
f˜ (x) ∈ Re,k[x] of degree n with f˜ (0) = 0 mod p, there exists a smallest positive integer
T such that f˜ (x) | xT − 1. We call T the period of f˜ (x) over Re,k .
Definition 3.14. (See [11].) Let f˜ (x) ∈ Re,k[x] be a basic irreducible polynomial of degree
n. f˜ (x) is called a lifted primitive polynomial if the period of f˜ (x) over Re,k is qn − 1.
Let f (x) ∈ Fq [x] be a primitive polynomial of degree n. By Hensel lemma, there exists
a unique polynomial f˜ (x) ∈ Re,k[x] of degree n such that f (x) ≡ f˜ (x) mod p and f˜ (x) is
a lifted primitive polynomial. On the other hand, if f˜ (x) ∈ Re,k[x] is a monic polynomial
with period qn − 1, it is easily seen that f (x) ≡ f˜ (x) mod p is a primitive polynomial
over Fq . So the primitive polynomials over Fq of degree n and the lifted primitive poly-
nomials over Re,k of degree n are one-to-one correspondence. Especially, when e = 1, the
lifted primitive polynomials are just primitive polynomials over finite fields.
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Then ξ is a primitive element, that is, ξ is a generator of the cyclic multiplicative group
Γ ∗nk .
Let ξ ∈ Γ ∗nk . The order of ξ , denoted by ord(ξ), is defined to be the smallest integer such
that ξord(ξ) = 1. It is easy to see that ord(ξ) | qn − 1. Let e | qn − 1 and v ∈ Γ ∗nk . v is said
to be e-free if e and (qn − 1)/ord(v) are relatively prime, or equivalently, for any d | e and
ω ∈ Γ ∗nk , v = ωd implies d = 1. It is easy to see that ξ is a primitive element if and only if
ξ is (qn − 1)-free. The following gives a characteristic function of an e-free element.
Lemma 3.15. (See [11].) Let e | qn − 1 and ξ ∈ Γ ∗nk . Then we have
Pe(ξ) = ϕ(e)
e
∑
d|e
μ(d)
ϕ(d)
∑
χ(d)
χ(d)(ξ) =
{
1 if ξ is e-free,
0 otherwise,
where μ is the Möbius function and ϕ is the Euler phi function, χ(d) runs through all the
ϕ(d) multiplicative characters over Γ ∗nk with order d .
Definition 3.16. Let f (x) be a lifted primitive polynomial of degree n over Re,k , ξ be
a root of f (x) in Re,nk . We call f (x) a lifted primitive normal polynomial over Re,k if ξ
is also a normal element of Re,nk over Re,k .
By Corollary 3.3, ξ ∈ Γnk is a normal element of Re,nk over Re,k if and only it is
a normal element of Fqn over Fq . Since the primitive polynomials over Fq and the lifted
primitive polynomials over Re,k are one-to-one correspondence, the primitive normal poly-
nomials over Fq of degree n are one-to-one correspondence to the lifted primitive normal
polynomials over Re,k of degree n too. Especially, when e = 1, the lifted primitive normal
polynomials over Re,k are just the primitive normal polynomials over Fq .
From the above discussion, we can easily transfer Question 1 to the following question.
Question 1′. Let φ be the canonical projective map from Re,k to Γk . For any given a,
b ∈ Γk , a = 0, whether there exists a lifted primitive normal polynomial f (x) = xn −
σ1xn−1 + · · · + (−1)nσn over Re,k such that φ(σ1) = a, φ(σ2) = b.
Next we will convert the existence of lifted primitive normal polynomials with the
canonical map of the first two coefficients prescribed to the existence of primitive normal
element solutions of some system of trace equations over Galois rings.
Lemma 3.17. (See [11].) Let f (x) = xn − σ1xn−1 + · · · + (−1)nσn ∈ Re,k[x] be a lifted
primitive polynomial, ξ be a root of f (x) in Re,nk . Then we have
σ1 = Tre,nk,k(ξ), (3.3)
2σ2 = Tr2e,nk,k(ξ) − Tre,nk,k(ξ2). (3.4)
Theorem 3.18. Let p be the characteristic of finite field Fq .
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Tr2,nk,k(x) = a + 2b (3.5)
has a primitive normal element solution in Γnk .
2. Suppose that p  3 and for any given a, b ∈ Fq , a = 0, the system of trace equations
{
Trnk,k(x) = a,
Trnk,k(x2) = b (3.6)
has a primitive normal element solution in Fqn .
Then there exists a primitive normal polynomial over Fq with the first two coefficients
prescribed, where the first coefficient is nonzero.
Proof.
1. Suppose that p = 2. Let ξ be a primitive normal element solution of Eq. (3.5) in
Γnk , f (x) = (x − ξ)(x − ξq) · · · (x − ξqn−1) = xn − σ1xn−1 + · · · + (−1)nσn. Then f (x)
is a lifted primitive normal polynomial over R2,k . Note that Tr2,nk,k(x) = a + 2b implies
Tr2,nk,k(x2) = a2 + 2b2 for x ∈ Γnk . Substitute Eq. (3.5) to Eqs. (3.3), (3.4), we have
{
σ1 = a mod 2,
σ2 = b2 mod 2.
Similarly (φ(σ1),φ(σ2)) run across Γ ∗k × Γk if (a, b) run across Γ ∗k × Γk , where φ is the
canonical projective map from R2,k to Γk .
2. Suppose that p  3. Let ξ be a primitive normal element solution of Eq. (3.6) in
Fqn , f (x) = xn − σ1xn−1 + · · · + (−1)nσn be the minimal polynomial of ξ . Then f (x)
is a primitive normal polynomial over Fq . Since p  3, 2 has an inverse in Fq . Substitute
Eq. (3.6) to Eqs. (3.3), (3.4), we get
{σ1 = a,
σ2 = 2−1(a2 − b).
It is easy to see that (σ1, σ2) run across F ∗q × Fq if (a, b) run across F ∗q × Fq .
This finishes the proof. 
Next we will give a characteristic function to decide whether an element ξ ∈ Γnk is a
solution of Eq. (3.5) or Eq. (3.6).
Proposition 3.19. Let ξ ∈ Γ ∗nk .
1. Suppose that p = 2. Then
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1
q2
∑
c1,c2∈Γk
ψ2,k
(
(c1 + 2c2)
(
Tr2,nk,k(ξ) − (a + 2b)
))
=
{1 if ξ is a solution of (3.5),
0 otherwise.
2. Suppose that p  3. Then
Ta,b(ξ) = 1
q2
∑
c1,c2∈Fq
ψk
(
c1
(
Trnk,k(ξ) − a
))
ψk
(
c2
(
Trnk,k(ξ2) − b
))
=
{1 if ξ is a solution of (3.6),
0 otherwise.
Proof. Use Lemma 2.1. 
Next we will give the estimates of the number of primitive normal element solutions of
Eq. (3.5) or Eq. (3.6) .
4. Sieve and estimates
In this section, we will use Cohen’s sieve techniques and the estimates of character sums
over Galois rings to give some conditions of the existence of primitive normal element
solutions of Eq. (3.5) or Eq. (3.6).
Let n = pen1, where (n1,p) = 1 and M = xn−1xpe−1 . We have the following lemma.
Lemma 4.1. For any integer e 1, an element ω ∈ Γ ∗nk is normal of Re,nk over Re,k if and
only if Tre,nk,k(ω) = 0 mod p and M | Ord(ω).
Proof. It is because of Lemma 3.3 of [14] and the fact that for any e  1 and any monic
divisor f of xn − 1 over Fq , ω ∈ Γ ∗nk is normal (f -free) of Re,nk over Re,k if and only if it
is normal (f -free) of Fqn over Fq . 
Define
T = {τ = tT : t | qn − 1, T | M}.
For any τ = tT ∈ T , let π(τ) = π(q,n, a, b; t, T ) be the number of elements ω ∈ Γ ∗nk such
that:
1. ω is a solution of Eq. (3.5) or Eq. (3.6).
2. ω is t-free.
3. ω is T -free.
From Lemma 4.1, in order to investigate the existence of primitive normal element solu-
tions of Eq. (3.5) or Eq. (3.6), we only need to show that π(q,n, a, b;qn − 1,M) > 0.
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all irreducible factors of T . It is easy to check that if τ1 and τ2 have the same atoms, then
π(τ1) = π(τ2). It means that π(τ) depends only on the atoms of τ .
Let τ = tT ∈ T . τD = tDTD is called a divisor of τ if tD | t, TD | T . Given r  1,
divisors τ1 = m1M1, τ2 = m2M2, . . . , τr = mrMr of τ are called complementary divisors
of τ with common divisor τ0 = t0M0 if the atoms of lcm{τ1, τ2, . . . , τr} are precisely those
of τ , and for any distinct pair of (i, j)1i =jr , the atoms of gcd(τi, τj ) are precisely those
of τ0.
Next we will give a lemma from [3].
Lemma 4.2. (See [3].) Let τ1, τ2, . . . , τr be the complementary divisors of τ ∈ T with
common divisor τ0. Then
π(τ)
(
r∑
i=1
π(τi)
)
− (r − 1)π(τ0).
For any τ = tT ∈ T , we will give an estimate of π(τ). We first consider the case
charFq = 2. Let ψ2,k,ψ2,nk be the canonical additive character of R2,k and R2,nk , re-
spectively, ψ2,nk = ψ2,k ◦ Tr2,nk,k . Then we have
q2π(q,n, a, b; t, T ) = q2
∑
ω∈Γ ∗nk
Pt (ω)NT (ω)T
2
a,b(ω)
= θ(τ )
∑
ω∈Γ ∗nk
∑
d|t
μ(d)
ϕ(d)
∑
χ(d)
χ(d)(ω)
∑
D|T
μq(D)
ϕq(D)
∑
ψ(D)
ψ(D)(ω)
×
∑
c1,c2∈Γk
ψ2,k
(
(c1 + 2c2)
(
Tr2,nk,k(ω) − (a + 2b)
))
= θ(τ )
∑
d|t
∑
D|T
Θd,D,
where
θ(τ ) = ϕ(t)
t
ϕq(T )
qdegT
,
Θd,D = μ(d)
ϕ(d)
μq(D)
ϕq(D)
∑
χ(d)
∑
αD∈ΓD
∑
c1,c2∈Γk
ψ2,k
(−c1(a + 2b) − 2c2a)Λc1,c2,αD,d .
In the above, αD runs through the set of ϕq(D) elements defined by
ΓD =
{
αD ∈ Γnk | ψ2α is an additive character of 2R2,nk with R2,k-order D
}
D
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Λc1,c2,αD,d =
∑
ω∈Γ ∗nk
ψ2,nk
(
c1ω + 2(c2 + αD)ω
)
χ(d)(ω).
Theorem 4.3. Let Θd,D be defined as above. Then we have
1. If (d,D) = (1,1), then
Θ1,1  qn −
(
4q(n+3)/2 + 2q(n+2)/2). (4.1)
2. If (d,D) = (1,1), then
|Θd,D| 4q(n+3)/2 + 2q(n+2)/2. (4.2)
Proof. Denote
Θd,D(c1, c2) = ψ2,k
(−c1(a + 2b) − 2c2a)μ(d)
ϕ(d)
μq(D)
ϕq(D)
∑
χ(d)
∑
αD∈ΓD
Λc1,c2,αD,d .
Then
Θd,D =
∑
c1,c2∈Γk
Θd,D(c1, c2).
1. Suppose that (d,D, c1, c2) = (1,1,0,0). It is easy to check
Θ1,1(0,0) = qn − 1. (4.3)
2. Suppose that (c1, c2) = (0,0), (d,D) = (1,1). In this case
|Λ0,0,αD,d | =
∣∣∣∣ ∑
ω∈Γ ∗nk
ψ2,nk(2αDω)χ(d)(ω)
∣∣∣∣ qn/2.
Since the number of multiplicative characters of Γ ∗nk with order d is ϕ(d) and the number
of additive characters of 2Rˆ2,nk with R2,k-order D is ϕq(D), we have∣∣Θd,D(0,0)∣∣ qn/2. (4.4)
3. Suppose that (c1, c2) = (0,0). Since D | M , which means, x − 1 and D are relatively
prime, so αD /∈ Γ ∗k from Proposition 3.12. Thus c2 + αD = 0 mod 2 if and only if c2 = 0
and D = 1. In this case,
|Λc1,c2,αD,d | 2qn/2.
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∑
c1∈Γ ∗k
c2∈Γk
Θd,D(c1, c2) = μ(d)
ϕ(d)
μq(D)
ϕq(D)
∑
χ(d)
∑
αD∈ΓD
∑
c1∈Γ ∗k
c2∈Γk
ψ2,k
(−c1(a + 2b) − 2c2a)
×
∑
ω∈Γ ∗nk
ψ2,nk
(
c1ω + 2(c2 + αD)ω
)
χ(d)(ω).
For any given c1 ∈ Γ ∗k , let ω∗ = c1ω, c∗2 = c2c−11 and α∗D = αDc−11 . It is easy to check
that (ω∗, c∗2, α∗D) runs through Γ ∗nk × Γk × ΓD when (ω, c2, αD) runs across it. So
∑
αD∈ΓD
∑
c1∈Γ ∗k
c2∈Γk
ψ2,k
(−c1(a + 2b) − 2c2a) ∑
ω∈Γ ∗nk
ψ2,nk
(
c1ω + 2(c2 + αD)ω
)
χ(d)(ω)
=
∑
c∗2∈Γk
∑
α∗D∈ΓD
∑
c1∈Γ ∗k
ψ2,k
(−c1(a + 2b − 2c∗2a))χ(d)(c−11 )Λ1,c∗2 ,α∗D,d .
Since a = 0, we have∣∣∣∣ ∑
c1∈Γ ∗k
ψ2,k
(−c1(a + 2b − 2c∗2a))χ(d)(c−11 )
∣∣∣∣ 2q1/2.
So ∣∣∣∣ ∑
c1∈Γ ∗k
c2∈Γk
Θd,D(c1, c2)
∣∣∣∣ q · 2q1/2 · 2qn/2 = 4q(n+3)/2. (4.5)
(b) Assume c1 = 0, c2 = 0. In this case,∣∣∣∣ ∑
c2∈Γ ∗k
Θd,D(0, c2)
∣∣∣∣ (q − 1)2qn/2 = 2(q − 1)qn/2. (4.6)
Combining Eqs. (4.3)–(4.6) we can easily get Eqs. (4.1), (4.2). This finishes the proof. 
Next we consider the case charFq  3. The process and the result are both similar to
the case charFq = 2. For simplicity, we only give a sketch of the process.
Let ψk , ψnk be the canonical additive character of Fq and Fqn . Similarly
q2π(τ) = θ(τ )
∑∑
Θ∗d,D,
d|t D|T
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Θ∗d,D =
μ(d)
ϕ(d)
μq(D)
ϕq(D)
∑
χ(d)
∑
αD∈Γ ∗D
∑
c1,c2∈Fq
ψk(−c1a − c2b)Λ∗c1,c2,αD,d .
In this above, αD runs through the set of all ϕq(D) elements defined by
Γ ∗D =
{
αD ∈ Fqn | ψαD is an additive character of Fqn with Fq -order D
}
and
Λ∗c1,c2,αD,d =
∑
ω∈Γ ∗nk
ψnk
(
(c1 + αD)ω + c2ω2
)
χ(d)(ω).
We have the following similar theorem.
Theorem 4.4. Let Θ∗d,D be defined as above. Then we have
1. If (d,D) = (1,1), then
Θ∗1,1  qn −
(
4q(n+3)/2 + 2q(n+2)/2). (4.7)
2. If (d,D) = (1,1), then
|Θ∗d,D| 4q(n+3)/2 + 2q(n+2)/2. (4.8)
Proof. The proof process is similar to the proof of Theorem 4.3. Denote
Θ∗d,D(c1, c2) = ψk(−c1a − c2b)
μ(d)
ϕ(d)
μq(D)
ϕq(D)
∑
χ(d)
∑
αD∈Γ ∗D
Λ∗c1,c2,αD,d .
1. Suppose that (d,D, c1, c2) = (1,1,0,0). Then
Θ∗1,1(0,0) = qn − 1. (4.9)
2. Suppose that (c1, c2) = (0,0), (d,D) = (1,1). Then
∣∣Θ∗d,D(0,0)∣∣=
∣∣∣∣μ(d)ϕ(d) μq(D)ϕq(D)
∑
χ(d)
∑
αD∈Γ ∗D
∑
ω∈F ∗
qn
ψnk(αDw)χ
(d)(ω)
∣∣∣∣
 qn/2. (4.10)
3. Suppose that (c1, c2) = (0,0).
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c1∈F ∗q
c2∈Fq
Θ∗d,D(c1, c2)
= μ(d)
ϕ(d)
μq(D)
ϕq(D)
∑
χ(d)
∑
αD∈Γ ∗D
∑
c1∈F ∗q
c2∈Fq
ψk(−c1a − c2b)
×
∑
ω∈F ∗
qn
ψnk
(
(c1 + αD)ω + c2ω2
)
χ(d)(ω)
= μ(d)
ϕ(d)
μq(D)
ϕq(D)
∑
χ(d)
∑
c2∈Fq
∑
αD∈Γ ∗D
∑
c1∈F ∗q
ψk
(−c1a − c2c21b)χ(d)(c−11 )
× Λ1,c2,αD,d(ω).
Since a = 0 and αD /∈ F ∗q , we have∣∣∣∣ ∑
c1∈F ∗q
c2∈Fq
Θ∗d,D(c1, c2)
∣∣∣∣ 4q(n+3)/2. (4.11)
(b) Assume that c1 = 0, c2 = 0. In this case,∣∣∣∣ ∑
c2∈F ∗q
Θ∗d,D(c1, c2)
∣∣∣∣ (q − 1)2qn/2 = 2(q − 1)qn/2. (4.12)
Combining Eqs. (4.9)–(4.12) we can easily get Eqs. (4.7), (4.8). This finishes the proof. 
Now we can treat the cases charFq  2 and charFq  3 together.
Proposition 4.5. Let π(τ) = π(q,n, a, b;qn − 1,M) be defined as above. Suppose that
there exists a set of complementary divisors τ1, τ2, . . . , τr of τ with common divisor τ0 such
that inequalities (4.13), (4.14) or inequality (4.15) hold. Then π(τ) > 0 for all a, b ∈ Γk ,
a = 0.
Proof.
q2π(τ) q2
r∑
i=1
π(τi) − (r − 1)q2π(τ0)

r∑
θ(τi)
∑
Θd,D − (r − 1)θ(τ0)
∑
Θd,D
i=1 d|ti ,D|Ti d|t0,D|T0
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∑
d|t0,D|T0
(d,D) =(1,1)
Θd,D +
r∑
i=1
θ(τi)
∑
dD|τi
dDτ0
Θd,D,
where
θ =
r∑
i=1
θ(τi) − (r − 1)θ(τ0).
Denote the product of all atoms of τi by Prod(τi) and let ρi = Prod(τi)/Prod(τ0). Suppose
that θ > 0, i.e.,
θ∗ =
r∑
i=1
θ(ρi) − (r − 1) > 0 (4.13)
and
qn > 2ω(τ0)
(∑r
i=1 θ(ρi)(2ω(ρi ) − 1)
θ∗
+ 1
)(
4q(n+3)/2 + 2q(n+2)/2). (4.14)
Where ω(τ) denotes the number of atoms of τ ∈ T . Then it is easy to check π(τ) > 0.
Especially, let r = 1, we have if
qn > 2ω(q
n−1)+ω(M)(4q(n+3)/2 + 2q(n+2)/2), (4.15)
then π(q,n, a, b;qn − 1,M) > 0 for all a, b ∈ Γk , a = 0, where ω(qn − 1) and ω(M)
denote the number of distinct primes factors of qn − 1 and distinct irreducible divisors of
M , respectively. 
5. Computation
In this section, we will mainly investigate when inequalities (4.13), (4.14) hold or in-
equality (4.15) holds for n  7. Before doing that, we first give some existence results
which can be deduced by the existence of primitive polynomials with the first two coeffi-
cients prescribed.
Proposition 5.1. Let q = pk . Suppose that one of the following two conditions hold:
1. n is a power of p;
2. n is a prime different from p and q is a primitive root modulo n.
Then for n 5,
π(q,n, a, b;qn − 1,M) > 0 for all a, b ∈ Γk, a = 0.
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there exists a primitive polynomial f (x) = xn −σ1xn−1 +· · ·+ (−1)nσn such that σ1 = a,
σ2 = b. On the other hand, Theorem 1 of [1] shows that if any of the above two conditions
hold, α ∈ Fqn is normal over Fq if and only if Trnk,k(α) = 0. Thus f (x) is a primitive
normal polynomial. 
We continue to investigate when inequalities (4.13), (4.14) hold or inequality (4.15)
holds. For convenience of later use, we give a set of complementary divisors of τ . Let
qn − 1 = pe11 pe22 . . . pess ,
where p1 < p2 < · · · < ps are the distinct prime divisors of qn − 1. Let 0 t0  s and let
τ0 = pe11 pe22 . . . p
et0
t0 M.
For i = 1,2, . . . , l = s − t0, let
τi = pe11 pe22 . . . p
et0
t0 p
et0+i
t0+i M, ρi = pt0+i .
Then {τ1, τ2, . . . , τl} is a set of complementary divisors of τ = (qn − 1)M with common
divisor τ0. Suppose that
θ∗ = 1 −
s∑
i=t0+1
1
pi
> 0. (5.1)
We have if
q(n−3)/2 >
(
l − 1
1 −∑si=t0+1 1/pi + 2
)(
4 + 2√
q
)
2ω(M) · 2t0, (5.2)
then inequalities (4.13), (4.14) hold.
Next we deal with the two cases when n | q − 1 and n  q − 1, respectively.
5.1. Case n | q − 1
In this case, M = M1M2 . . .Mn−1, where Mi ’s are monic polynomials over Fq of de-
gree one. Let us choose τ1 = (qn − 1)M1, τ2 = (qn − 1)M2, . . . , τn−1 = (qn − 1)Mn−1,
τ = (qn − 1)M and τ0 = (qn − 1)1. Then {τ1, τ2, . . . , τn−1} is a set of complementary
divisors of τ with common divisor of τ0. So we have
Proposition 5.2. Suppose that q ≡ 1 mod n and τ = (qn − 1)M . Then π(τ) > 0 whenever
inequalities (5.3) or (5.4) hold. Further suppose that n = q − 1, then π(τ) > 0 whenever
inequality (5.5) holds.
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θ(τ0) = θ(qn − 1), ω(τ0) = ω
(
qn − 1),
and for i = 1,2, . . . , n − 1,
ρi = Mi, θ(ρi) = q − 1
q
, ω(ρi) = 1.
Furthermore,
θ∗ = 1 − n − 1
q
> 0.
So if we have
q(n−3)/2 > (nq − 2n + 2)
(q − n + 1)
(
4 + 2√
q
)
2ω(q
n−1), (5.3)
then inequality (4.14) holds and thus π(τ) > 0. Furthermore, it is easy to check that
q(n−7)/2 >
(
2 + 1√
q
)
2ω(q
n−1) (5.4)
implies inequality (5.3). Furthermore, suppose that n = q − 1. Then
q(n−5)/2 >
(
4 + 2√
q
)
2ω(q
n−1) (5.5)
implies inequality (5.3). 
Next we investigate when inequalities (5.1), (5.2) or any of inequalities (5.3)–(5.5) hold.
In order to do it, it is useful to have an upper bounds for the parameters ω. From Lemma 2.6
of [20], if l > 1 is an integer and Λ is a set of primes less than l such that each prime
divisor r < l of qn − 1 is contained in Λ, then with L = L(Λ) =∏s∈Λ s and |Λ| being the
cardinality of Λ it holds that
ω(qn − 1) log(q
n − 1) − logL
log l
+ |Λ|. (5.6)
Theorem 5.3. For any given positive integer n 7 and prime power q such that n | q − 1,
π(q,n, a, b;qn − 1,M) > 0 for all a, b ∈ Γk , a = 0, with only the following four possible
exceptions:
(q,n) = (11,10), (9,8), (17,8), (8,7).
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The case n | q − 1, n 12
n 12 13 14 15  16
l(n) 108 80 62 54 48
q(n) 2926 184 43 18 10
Table 2
The case n | q − 1, n = q − 1, n 11
n 11 12  13
l(n) 60 48 44
q(n) 79 28 15
Proof. For different n, we will check different inequalities.
1. Suppose n  12. In this case, we consider when inequality (5.4) holds. It is easy to
check that (
n − 7
2
− n
log l
)
logq > log
(
2 + 1√
q
)
+ |Λ| − logL
log l
(5.7)
implies inequality (5.4). Choose l = l(n) and let Λ be the set of all primes less than
l(n). By inequality (5.7) we get that π(q,n, a, b;qn − 1,M) 0 implies q  q(n), where
l(n), q(n)’s are listed in Table 1.
2. Suppose n 11, n = q − 1. In this case, we check whether inequality (5.5) holds. It
is easy to check that(
n − 5
2
− n
log l
)
logq  log
(
4 + 2√
q
)
+ |Λ| − logL
log l
(5.8)
implies inequality (5.5). Similarly we can choose l = l(n) and let Λ be the set of all primes
less than l(n). Using inequality (5.8) we get that π(q,n, a, b;qn − 1,M)  0 implies
q  q(n), where l(n), q(n)’s are listed in Table 2.
3. Suppose n = 10,9,8,7. In these cases we investigate when inequality (4.15) or
inequalities (5.1), (5.2) hold. We only take n = 7 as an example. First we check when
inequality (4.15) holds. Since ω(M) = n − 1, we need to check when
q(n−3)/2  2n−1
(
4 + 2√
q
)
2ω(q
n−1) (5.9)
holds. Since n | q − 1, we may suppose q  n+ 1. Let un = ( 12 − 32n )−1. It is easy to check
that if ω(qn − 1) 24,
qn > qn − 1 2 · 3 · · · · · 89︸ ︷︷ ︸ ·2un(ω(qn−1)−24) 
(
2n−1
(
4 + 2√
q
))un
· 2unω(qn−1).24 primes
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The case n | q − 1, n = 10,9,8,7
n = 7 n = 8 n = 9 n = 10
ω t0 q ω t0 q ω t0 q ω t0 q
23 3 431 21 3 155 20 3 80 20 3 52
15 3 275 14 3 111 14 3 63 14 3 42
Continue to consider those (q,n)’s such that ω(qn −1) 23. Suppose that ω(qn − 1) 3.
Let t0 = 3. It can be checked that
1 −
ω(qn−1)∑
i=t0+1
1
pi
 1 −
23∑
i=4
1
P [i] = 0.252061,
where P [i] is the ith prime. It is easy to check if q  432, then
q(n−3)/2  (432)(n−3)/2 >
(
19
0.252061
+ 2
)
· 2t0 ·
(
4 + 2√
q
)
· 2n−1
and thus inequality (5.2) holds. On the other hand, if ω(qn − 1) 3, then q  432 implies
inequality (4.15) holds. In both cases, we have π(q,n, a, b;qn − 1,M) > 0. Reconsider
those q  431. It is easy to check that q  431 implies ω(q7 − 1) 15. For ω(qn − 1)
15, repeat the above steps as we deal with the case ω(qn − 1)  23, we finally get that
π(q,n, a, b;qn − 1,M) 0 implies q  275. The other cases are similar and the process
of sieve techniques are listed in Table 3. More details about the sieve techniques can be
referred to [13, Section 4].
Combining Tables 1, 2, 3, the only possible exceptions are the followings:
1. (q,n) = (16,15), (13,12), (25,12), (23,11), (67,11), (11,10), (31,10), (41,10),
(19,9), (37,9).
2. n = 8, q = 9,17,25,41,49,73,81,89,97.
3. n = 7, q = 8,29,43,64,71,113,127,169,197,211,239.
For the above q,n, factor qn − 1 to verify whether inequality (5.3) holds. We finally
get that with the only four possible exceptions (q,n) = (11,10), (9,8), (17,8), (8,7),
π(q,n, a, b;qn − 1,M) > 0 for all a, b ∈ Γk , a = 0. This finishes the proof. 
5.2. Case n  q − 1
In order to deal with this case, we first give a bound of ω(M). In fact, from Lemmas 2.9,
2.10 of [20] we have
ω(M) αn + β, (5.10)
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case, we have
ω(M) 1
2
(
n + (n, q − 1))− 1.
Especially when n  q − 1,
ω(M) 3
4
n − 1, (5.11)
and for q = 2,3,4,5, etc., there are more precise results. From inequalities (4.15), (5.6)
and (5.10) we have
Lemma 5.4. If for some choice of l, Λ, α and β either inequality (5.12) or (5.13) is true,
then π(q,n, a, b;qn − 1,M) > 0 for all a, b ∈ Fq , a = 0.(
n − 3
2
− n
log l
)
logq  αn + β + |Λ| − logL
log l
+ log
(
4 + 2√
q
)
, (5.12)
(
logq
2
− logq
log l
− α
)
n 3
2
logq − logL
log l
+ |Λ| + β + log
(
4 + 2√
q
)
. (5.13)
Theorem 5.5. For any positive integer n  7 and q a prime power such that n  q − 1,
π(q,n, a, b;qn − 1,M) > 0 for all a, b ∈ Fq , a = 0, with only possible exceptions listed
in Table 6.
Proof. In the proof, sometimes we abbreviate π(q,n, a, b;qn − 1,M) to π(τ) for sim-
plicity.
1. Suppose that n 10 and q  11. In this case, choose l = 74 and let Λ be the set of all
primes less than 74. Take α = 3/4 and β = −1. From inequality (5.12) we have π(τ) 0
implies n 28. For each 10 n 28, we choose l = 62 and let Λ be the set of all primes
less than 62. From inequality (5.13) we get that π(τ) 0 implies q  q(n), where q(n)’s
are listed in Table 4. For 10  n  28 and 11  q  q(n), except for those (q,n) pairs
such that n | q − 1 or satisfying one of the two conditions listed in Proposition 5.1, we
check whether inequality (4.15) holds. We finally get that π(q,n, a, b;qn − 1,M) > 0 for
all q  11 and n 10 with the only one possible exception
(q,n) = (11,12).
2. Suppose that n 10 and q  10. We consider q ∈ {2,3,4,5,7,8,9}.
(a) Assume that q = 2 and n 10. When n is odd and n = 15,21, we can choose α = 1/5
and β = −1/5. Choose l = 48, and since 2  2n − 1, 3  2n − 1 (n is odd), let Λ be
the set of all primes not equal to 2,3 and less than l. Using inequality (5.13) we get
π(τ) 0 implies n 54. When n ≡ 0 mod 4, we can choose α = 1/8 and β = −1/2.
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The case n  q − 1, n 10, q  11
n 10 11 12 13 14 15 16 17 18 19
q(n) 193 110 73 53 41 33 28 24 21 19
n 20 21 22 23 24 25 26 27 28
q(n) 18 16 15 14 13 13 12 11 11
Choose l = 32 and let Λ be the set of all primes not equal to 2 and less than l. Using
inequality (5.13) we get π(τ) 0 implies n 35. When n ≡ 2 mod 4, we can choose
α = 1/8 and β = 1/4. Since 5  2n − 1, we choose l = 32 and let Λ be the set of
all primes not equal to 2,5 and less than l. Using inequality (5.13) we get π(τ)  0
implies n  36. For the above n’s other than n = 16,32,11,13,19,29,37,53 (these
n’s satisfy the two conditions listed in Proposition 5.1), we check whether inequality
(4.15) holds and finally get that π(τ) > 0 except that
(q,n) = (2,10), (2,12), (2,14), (2,15), (2,18), (2,21).
(b) Assume that q = 3 and n 10. When n = 0 mod 3, n = 16, we can choose α = 1/3
and β = 1/3. Choose l = 62 and since 3  3n − 1, let Λ be the set of all primes not
equal to 3 and less than l. Using inequality (5.13) we get π(τ)  0 implies n  49.
When n ≡ 0 mod 3, we can choose α = 1/6 and β = 0. Choose l = 32 and let Λ be
the set of all primes not equal to 3 and less than l, we similarly get that π(τ)  0
implies n  24. It is easy to check when n = 17,19,29,31,43, 3 is a primitive root
modulo n. So for these n’s, Proposition 5.1 shows that π(τ) > 0. For the remaining
n’s, we check whether inequality (4.15) holds and finally get that π(τ) > 0 except that
(q,n) = (3,10), (3,11), (3,12), (3,13), (3,16).
(c) Assume that q = 4 and n  10. We divide n into the following three cases: (i)
n ≡ 0 mod 2; (ii) n is odd, n = 0 mod 3; (iii) n is odd, n ≡ 0 mod 3, n = 15.
Then we can choose α = 1/4, β = 1/2 for case (i), α = 1/3, β = −1/3 for
case (ii) and α = 1/3, β = 1 for case (iii) correspondingly. Choose l = 42 and
let Λ be the set of all primes less than l and not equal to 2 for case (i), and
not equal to 2,5 for case (ii), (iii). Using inequality (5.13) we get π(τ)  0 im-
plies n  23 , n  25 and n  30 for cases (i), (ii), (iii), respectively. This leaves
n = 10,12,14,16,18,20,22,11,13,17,19,23,25,15,21,27. From Proposition 5.1,
π(τ) > 0 if n = 16. For the remaining n’s, we check whether inequality (4.15) holds
and finally get that π(τ) > 0 except that
(q,n) = (4,10), (4,11), (4,12), (4,15).
(d) Assume that q = 5 and n 10. We consider the following three cases: (i) n = 0 mod 4;
(ii) n ≡ 0 mod 4, n = 0 mod 3; (iii) n ≡ 0 mod 12. In the above three cases we
can take α = 1/3, β = 1/3, α = 1/3, β = 7/3 and α = 1/3, β = 5, respectively.
For all these cases, choose l = 54 and let Λ be the set of all primes less than l not
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n  28 for case (ii) and n  35 for case (iii). From Proposition 5.1, we know that
π(τ) > 0 for n = 17,23 since 5 is a primitive root module n. For the remaining n’s, i.e.,
n = 10,11,12,13,14,15,16,18,19,20,21,22,24,28, we check whether inequality
(4.15) holds and finally get that π(τ) > 0 except that
(q,n) = (5,10), (5,12), (5,16).
(e) Assume that q = 7 and n  10. It can be easily checked that (α,β) can be taken as
(1/2,2) when n ≡ 0 mod 6 and (1/2,1/2) when n = 0 mod 6. In both cases, we
choose l = 54 and let Λ be the set of all primes less than l not containing 7. Us-
ing inequality (5.13) we get π(τ)  0 implies n  30 for the first case and n  26
for the second case. On the other hand, from Proposition 5.1, we have π(τ) > 0 for
n = 11,13,17,23, since 7 is a primitive root module n. For the remaining n’s, i.e.,
n = 10,12,14,15,16,18,19,20,21,22,24,25,26,30, we check whether inequality
(4.15) holds and finally get that π(τ) > 0 except that
(q,n) = (7,10), (7,12).
(f) Assume that q = 8 and n  10. We consider two cases: (i) n ≡ 0 mod 7; (ii) n =
0 mod 7. It can be checked that we can take α = 1/2, β = 5/2 for case (i) and α = 1/2,
β = −1/2 for case (ii). For both cases, we choose l = 54 and let Λ be the set of all
primes less than l not containing 2. Using inequality (5.13) we get π(τ)  0 implies
n 27 for case (i) and n 21 for case (ii). On the other hand, from Proposition 5.1,
π(τ) > 0 for n = 11,16. For 10  n  21, n = 11,16, we check whether inequality
(4.15) holds and finally get that π(τ) > 0 for all n’s.
(g) Assume that q = 9 and n  10. We consider three cases: (i) n ≡ 0 mod 3; (ii) n ≡
1,5 mod 6; (iii) n ≡ 2,4 mod 6. We can choose α = 1/3, β = −1 for case (i), α = 1/2,
β = −1/2 for case (ii) and α = 1/2, β = 3 for case (iii). For all the cases, we choose
l = 42 and let Λ be the set of primes less than l not containing 3. Using inequality
(5.13) we get π(τ)  0 implies n  14 for case (i) , n  19 for case (ii) and n 
26 for case (iii). For n = 10,11,12,13,14,16,17,19,20,22,26, we check whether
inequality (4.15) holds and finally get that π(τ) > 0 for all n’s except that
(q,n) = (9,10).
3. Suppose that n = 7,8,9. In these cases we investigate when inequality (4.15) or
inequalities (5.1), (5.2) hold. Similarly we only take n = 9 as an example. Since n  q − 1,
we have gcd(q − 1, n) 3 and thus ω(M) 5. It can be checked that
q(n−3)/2  25
(
4 + 2√
q
)
2ω(q
n−1) (5.14)
implies inequality (4.15). Just as we deal with the case n | q − 1 for n = 10,9,8,7, we can
easily get that when ω(qn − 1) 18, inequality (5.14) holds. For those (q,n)’s such that
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The case n  q − 1, n = 9,8,7
n = 7, ω(M) 3 n = 8, ω(M) 5 n = 9, ω(M) 5
ω(qn − 1) t0 q ω(qn − 1) t0 q ω(qn − 1) t0 q
19 3 120 19 3 85 17 3 37
13 2 82 13 2 63 12 2 29
12 2 74 12 2 58
Table 6
The exception cases for n  q − 1
q n
2 7,9,10,12,14,15,18,21
3 8,10,11,12,13,16
4 7,9,10,11,12,15
5 8,9,10,12,16
7 8,9,10,12
8 9
9 7,10
11 7,8,12
13 7,8
16 7,9
19,23,27,29,31,37,43,47 8
ω(qn − 1) 17, we can check that if q  38, inequalities (5.1), (5.2) hold for t0 = 3 when
ω(qn − 1) 3 and inequality (5.14) holds when ω(qn − 1) < 3. Repeat the sieve steps as
we did in the case n | q − 1 for n = 10,9,8,7 until it cannot be continued. We finally get
π(τ) 0 implies q  29. The other cases are similar and the process of sieve techniques
are listed in Table 5.
For n = 7, 2 q  82, q = 1 (mod 7), q = 3,5,7,17,19,31,47,49,59,61,73 (these
cases listed in Proposition 5.1), q a power of prime, we check whether inequality (4.15)
holds and finally get that π(τ) > 0 except q = 2,4,9,11,13,16. Similarly we get π(τ) > 0
for n = 8 except q = 3,5,7,11,13,19,23,27,29,31,37,43,47, and π(τ) > 0 for n = 9
except q = 2,4,5,7,8,16.
Combining the above, we get all the possible exceptions when n  q −1 which are listed
in Table 6. 
5.3. Main result
For the above exceptions (q,n) listed in Theorems 5.3 and 5.5, and any a1, a2 ∈ Fq ,
a1 = 0, we find at least a primitive normal polynomial of degree n over Fq with the first
two coefficients prescribed as a1, a2 by computer search. So we finally get the following
main result.
Theorem 5.6. Let n 7 be a positive integer and q a prime power. For any given a, b ∈ Fq ,
a = 0, there exists a primitive normal polynomial f (x) = xn − σ1xn−1 + σ2xn−2 + · · · +
(−1)nσn over Fq such that σ1 = a, σ2 = b.
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